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We present a combined numerical and theoretical study of atomic photoionization in the time
domain. We show how a photoelectron wave packet rapidly changes its shape after being emitted,
from a complex multi-peak structure to eventually a relatively simple single-peak structure. This
time-domain shape evolution provides information beyond the time-dependent average position of
the wave packet, which has been used to retrieve the Wigner time delay. For few-cycle laser pulses,
the asymptotic velocity of the photoelectron can be different from long-pulse-based expectations
due to non-negligible changes of the dipole matrix element within the spectra of the laser pulses.
I. INTRODUCTION
The photoelectric effect known today can be traced
back to the experiments by H. Hertz [1] and by P. Lenard
[2] in the late nineteenth and the early twentieth century.
These experiments had motivated Einstein’s quanta the-
ory of light [3]. Existing in any material, the photoelec-
tric effect has been extensively studied also in the context
of atomic photoionization [4–14], especially with the ad-
vent of synchrotron radiations, which allow generation of
high-energy photons with tunable frequencies.
Virtually all early studies on atomic photoionization,
and on the photoelectric effect in general, focused on
the energy or the momentum domain, mainly for the
reason that the available light pulses were long (on the
scale of picoseconds to nanoseconds or longer) and the
time resolution was not sufficient for the photoioniza-
tion process. With rapid advancements of ultrafast
laser technologies, however, light pulses with femtosec-
ond or sub-femtosecond durations can be routinely gen-
erated. Table-top titanium:sapphire lasers can generate
near-infrared pulses of femtosecond durations. Free elec-
tron lasers can generate femtosecond pulses in the X-
ray regime. Based on high harmonic generation, isolated
light pulses of durations of a few tens of attoseconds
have been reported [15–17]. Hard X-ray pulses of 200-
attoseconds duration have also been reported using free-
electron lasers at the Linac Coherent Light Source [18].
These ultrashort light sources have enabled investiga-
tions of ultrafast dynamical processes in the time domain,
such as following electron localization in molecules[19],
real-time observation of Auger decay [20], real-time ob-
servation of electron tunneling ionization[21], charge
transfer in polyatomic molecules [22, 23], real-time
buildup of Fano resonances [24], attosecond time delays
in atomic photoionization [25–35], etc.
The availability of these ultrashort light sources makes
it desirable to (re-)think about the photoionization pro-
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cess specially from the time-domain perspective. In fact,
the work by Eisenbud [36], Wigner [37], and Smith [38]
discussed time-domain aspects of photoionization before
the appearance of any ultrashort light sources. The so-
called Wigner (or Eisenbud-Wigner-Smith) delay is time-
domain information extracted from the average position
(〈r〉(t), i.e., the first moment) of the emitted photoelec-
tron wave packet [26]. The goal of the current article is to
go beyond the average positions. By numerically solving
a time-dependent Schro¨dinger equation (TDSE) in full
dimensions, we show how the shape of the photoelectron
wave packet evolves with time, which supplies richer in-
formation than the average positions. We find that the
photoelectron wave packet has a rather complex multi-
peak structure right after being emitted, but it rapidly
adjusts its shape, reduces the number of peaks, and even-
tually evolves into a relatively simple single-peak struc-
ture. This time-dependent shape evolution process will
be explained from the temporal evolution of the phase of
the photoelectron wave packet.
We will also show that for few-cycle laser pulses, the
asymptotic velocity of the photoelectron can be different
from normal, long-pulse-based expectations. For short
laser pulses with relatively broad spectra, the dipole tran-
sition matrix element may change appreciably within the
spectra of the laser pulses, shifting the average momen-
tum and the asymptotic velocity of the photoelectron
wave packet. Depending on the detailed form of the
dipole transition matrix element, the photoelectron wave
packet may be faster or slower than that generated with
long pulses.
This article is organized as follows. In Section II we in-
troduce the methods that we use, including a numerical
method for solving the TDSE and the time-dependent
perturbation theory for interpretation of numerical re-
sults. In Section III we present our numerical results
and the corresponding analyses and discussions. A con-
clusion is given in Section IV.
2II. METHODS
A. Numerical solution of the time-dependent
Schro¨dinger equation
The TDSE for atomic hydrogen interacting with an
external laser field can be written as (in atomic units)
i
∂
∂t
ψ(r, t) = Hˆψ(r, t) = [Hˆ0 + HˆI ]ψ(r, t), (1)
where Hˆ0 is the field-free Hamiltonian and HˆI is the
atom-field interaction
Hˆ0 = −
1
2
d2
dr2
+
Lˆ2
2r2
+ V (r), (2)
HˆI = r · eˆzε(t) = ε(t)r cos θ. (3)
For the hydrogen atom, V (r) = −1/r and we have used
the length-gauge form of the interaction Hamiltonian.
The laser field ε(t) = ε0f(t) cosωt is assumed to be lin-
early polarized along the z direction with amplitude ε0
and angular frequency ω. A trapezoidal pulse envelope
function f(t) has been used, which has a two-cycle turn-
ing on and a two-cycle turning off
f(t) =


t/2T 0 < t ≤ 2T
1 2T < t ≤ τ − 2T
(−t+ τ)/2T τ − 2T < t ≤ τ
(4)
where T = 2pi/ω is the duration of an optical cycle and
τ is the duration of the whole pulse.
We use a generalized pseudospectral method [39] to
numerically solve the TDSE. The Schro¨dinger equation
can be propagated in discrete time steps as
ψ(r, t+∆t) ≃ exp(−iHˆ0∆t/2)
× exp[−iHˆI(r, θ, t+∆t)∆t]
× exp(−iHˆ0∆t/2)ψ(r, t) +O(∆t
3) (5)
The time propagation of the wave function from t to t+
∆t is achieved by three steps: (i) Propagation for half a
time step ∆t/2 in the energy space spanned by Hˆ0; (ii)
Transformation to the coordinate space and propagation
for one time step ∆t under the atom-field interaction HˆI ;
(iii) Transformation back to the energy space spanned by
Hˆ0 and propagation for another half time step ∆t/2. The
commutation errors are on the order of ∆t3.
The wave function ψ(r, t) can be expanded in Legendre
polynomials
ψ(ri, θj , t) =
lmax∑
l=0
gl(ri)Pl(cos θj), (6)
if the atom is initially in an s-state (the magnetic quan-
tum number m = 0) and the laser polarization is lin-
FIG. 1: Schematic illustration of the energies (frequencies)
involved in atomic photoionization. The laser frequency is ω,
which induces a transition from a bound state ψ0 to a possible
continuum state ψk. The energy difference between the two
states is ω0, which may not be in exact resonance to ω. ω0
can be approximately divided into the ionization potential Ip
and the kinetic energy of the emitted electron k2/2, if the
ponderomotive shifts can be neglected.
ear (∆m = 0). The gl(ri) is calculated by the Gauss-
Legendre quadrature
gl(ri) =
L+1∑
k=1
wkPl(cos θk)ψ(ri, θk, t), (7)
where quadrature lattices cos θk are zeros of the Legendre
polynomials PL+1(cos θk) and wk is the corresponding
quadrature wights.
Now the evolution of the wave function in the energy
space spanned by Hˆ0 can be written as
exp(− iHˆ0∆t/2)ψ(ri, θj , t)
=
lmax∑
l=0
[exp(−iHˆ l0∆t/2)gl(ri, t)]Pl(cos θj). (8)
Each gl is propagated independently within individual
Hˆ l0 energy space.
In order to avoid artificial boundary reflection, for each
time step a mask functionM(r) = cos1/4[pi2 (r−r0)/(rm−
r0)] is multiplied to the wave function for r ≥ r0. Here
r0 is the entrance radius of the absorbing region and rm
is the radius of the numerical grid.
B. The time-dependent perturbation theory
From the first-order perturbation theory, the transition
amplitude from an initial (bound) state ψ0(r) to a final
continuum state ψk(r) is
c(k, t) = −i
∫ t
0
dt′〈ψk(r)|HˆI(t)|ψ0(r)〉e
iω0t
′
= −iε0D(k)
∫ t
0
dt′ cosωt′eiω0t
′
(9)
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FIG. 2: Time evolution of the shape of the emitted photoelectron wave packet for three different laser pulse durations, namely,
3 fs (left column), 9 fs (middle column), and 15 fs (right column). The time for each snapshot is given in the upper right corner
of each panel. For all the three cases, the laser frequency ω = 1.0 a.u., corresponding to 0.15 fs per optical cycle, and the laser
peak intensity is 1013 W/cm2.
where D(k) ≡ 〈ψk(r)|r cos θ|ψ0(r)〉 is the dipole transi-
tion matrix element, ω0 is the energy difference between
the two states, and for the purpose of analytical sim-
plicity we have assumed f(t) = 1. ψ0(r) and ψk(r) are
eigenstates of the unperturbed Hamiltonian Hˆ0 and they
can be obtained numerically by solving the corresponding
eigenvalue problem. We can proceed
c(k, t) = −i
ε0D(k)
2
∫ t
0
dt′
[
ei(ω0+ω)t
′
+ ei(ω0−ω)t
′
]
= −
ε0D(k)
2
[
ei(ω0+ω)t − 1
ω0 + ω
+
ei(ω0−ω)t − 1
ω0 − ω
]
(10)
For laser frequencies not far away from resonance, i.e.,
|ω0 − ω| ≪ ω0 + ω, we can apply the rotating wave ap-
proximation by neglecting the first term in the square
braket
c(k, t) ≈ −
ε0D(k)
2
ei(ω0−ω)t − 1
ω0 − ω
= −iε0D(k)
sin[(ω0 − ω)t/2]
ω0 − ω
ei(ω0−ω)t/2 (11)
In the above formula, ω0 = ω0(k) = Ip + k
2/2 (for weak
laser fields where ponderomotive shifts can be neglected),
as illustrated schematically in Fig. 1.
The ionized wave packet for a particular partial wave
in the configuration space is given by the radial wave
function
Rl(r, t) =
∫
∞
0
dk c(k, t)Rkl(r)e
−ik2t/2. (12)
III. RESULTS AND DISCUSSIONS
A. Shape evolution of the photoelectron wave
packet
Figure 2 shows time-domain shape evolutions of pho-
toelectron wave packets, for three different laser pulse
durations, namely, 3 fs (left column), 9 fs (middle col-
umn), and 15 fs (right column). The laser intensity 1013
W/cm2 and the laser frequency is ω = 1.0 a.u. For exact
resonance where ω0 = ω, the wave number is denoted as
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FIG. 3: The function A(k), the quadratic component of the function φ(k, t), and the resulting shapes of the photoelectron
wave packet predicted by Eq. (15). Notice the vertical scale of φ(k) for each panel. The shapes of the wave packets are to be
compared with the middle column of Fig. 2.
k0, which satisfies
k20
2
= ω − Ip = 0.5 a.u., or k0 = 1 a.u. (13)
For each panel, the horizontal axis is the distance (in
atomic units) from the remaining ion, and the vertical
axis is the radial wave packet r2|R(r)|2. Since we start
from the ground state of the hydrogen atom, and the laser
field is linearly polarized, only one partial wave (l = 1,
m = 0) is involved in the continuum states.
We see from all the three examples that right after,
or shortly after the laser pulse is over (e.g., the top
two rows), the photoelectron wave packet has a rather
complex multi-peak structure. As time evolves, the
wave packet quickly adjusts its shape (while at the same
time translating in space), and the number of peaks re-
duces. Eventually a relatively simple single-peak struc-
ture emerges. The time scale of this shape evolution pro-
cess depends on the duration of the laser pulse. For the
three pulse durations that we use in Fig. 2, this shape
adjusting process lasts for a few tens of femtoseconds to
a few hundred femtoseconds. The wave packet will keep
spreading in later times (not shown), but it will remain
a single-peak structure.
This shape evolution of the photoelectron wave packet
provides richer information beyond the average position
〈r〉(t), extrapolation of which backward in time yields
the Wigner time delay (see Ref. [26] for a recent review).
It remains open the possibility of utilizing the additional
information (e.g., 〈r2〉(t), 〈r3〉(t), etc.) to facilitate un-
derstandings about the photoionization process.
B. Qualitative understandings from the
time-dependent perturbation theory
The shape evolutions of the photoelectron wave pack-
ets given in Fig. 2 are obtained numerically by solving
the full dimensional TDSE. In this subsection we will
give a qualitative understanding of the main features us-
ing the time-dependent perturbation theory.
For simplicity we consider in one dimension and as-
sume that the continuum states are plane waves ψk(x) =
eikx. From Eqs. (11) and (12) the wave packet in the
configuration space is
ψ(x, t) = −iε0
∫
∞
0
dk D(k)
sin
[(
k2 − k20
)
τ/4
]
(k2 − k20) /2
× exp
[
i
(
k2 − k20
)
τ/4− ik2t/2
]
eikx (14)
for t ≥ τ . Here we have referred Eq. (13) for the defini-
tion of k0. Note that c(k, t) = 1 for t > τ but the wave
packet still gains a free evolution phase exp(−ik2t/2) af-
ter the pulse is over.
If the range of accessible continuum states is narrow,
then the dipole matrix element D(k) may be regarded
as a constant within the range and moved out of the
integral, replaced by value D(k0). This approximation is
valid for relatively long pulses. For short few-cycle pulses,
this approximation may break down and an example will
be given in the following subsection.
Then the shape of the photoelectron wave packet can
5be written as
ψ(x, t) ≈ −iε0D(k0)
∫
∞
0
dk
sin
[(
k2 − k20
)
τ/4
]
(k2 − k20) /2
× exp
[
i
(
k2 − k20
)
τ/4− ik2t/2
]
eikx
≡ −iε0D(k0)
∫
∞
0
dkA(k)eiφ(k,t)eikx (15)
where we have defined
A(k) =
sin
[(
k2 − k20
)
τ/4
]
(k2 − k20) /2
(16)
φ(k, t) =
(
k2 − k20
) τ
4
−
k2t
2
=
1
2
(τ
2
− t
)
(k − k0)
2
+
(τ
2
− t
)
k0(k − k0)−
t
2
k20 (17)
A(k)eiφ(k,t) gives the weight of each plane wave com-
ponent. We see that the function φ(k, t) contains a
quadratic term centered on k0, which is responsible for
the shape of the photoelectron wave packet, a linear term,
which is responsible for the spatial translation of the wave
packet, and a constant term, which does not have a phys-
ical effect.
Fig. 3 shows the function A(k), the quadratic compo-
nent of φ(k, t), and the resulting shape of the photoelec-
tron wave packet for six different times to be compared
to the middle column of Fig. 2. One sees pretty good
qualitative agreements with the wave packet shapes ob-
tained using the full dimensional TDSE, for all the six
times. The wave packet starts from a complex multi-peak
structure, then adjusts itself by reducing the number of
peaks, eventually becomes a relatively simple single-peak
structure.
C. Photoionization in the few-cycle limit
For very short laser pulses, e.g., pulses consisting only
a few cycles, the dipole transition matrix element may
change appreciably within the spectra of the laser pulses.
Then in Eq. (14) we cannot moveD(k) out of the integral
by assigning its value to be D(k0). The consequence is
that each plane wave component will be further weighted
by D(k), resulting in a shift in the photoelectron momen-
tum distribution and a different asymptotic photoelec-
tron velocity.
Figure 4 shows the momentum distribution of the
photoelectron for three different laser pulse durations,
namely, 3 fs (blue), 1.2 fs (magenta), and 0.75 fs (green).
As the pulse duration decreases, the photoelectron mo-
mentum distribution has two changes. First, the width
increases; And second, the peak position shifts. In this
example, the peak shifts to the slower side, that is, a
red shift. This can be understood from the shape of the
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FIG. 4: (a) Photoelectron momentum distributions obtained
with three laser pulse durations, namely, 3 fs (blue), 1.2 fs
(magenta), and 0.75 fs (green). The red dashed curve shows
the shape of |D(k)|, the amplitude of the dipole transition
matrix element (right vertical scale). (b) The correspond-
ing time-dependent average position 〈r〉(t) showing different
asymptotic slopes.
dipole transition matrix element, the amplitude of which
is shown in the same panel as the red dashed curve.
|D(k)| decreases across the spectrum of the laser pulse
(which is peaked in the neighborhood of k = 1), so it ef-
fectively weights more the continuum states with smaller
k values. The consequence is a red shift in the photo-
electron momentum distribution as the pulse duration
decreases.
In the time domain the photoelectron will have differ-
ent asymptotic velocities, as shown in the right panel of
Fig. 4. The time-dependent average position of the pho-
toelectron 〈r〉(t) has different asymptotic slopes for the
three laser pulses.
Whether a few-cycle laser pulse leads to a slower or a
faster asymptotic photoelectron velocity depends on the
shape of the dipole transition matrix element D(k). If
the amplitude of D(k) increases across the spectrum of
the laser pulse, then it puts more weights on the faster
components, and the asymptotic velocity of the photo-
electron will be faster than that obtained with longer
laser pulses.
IV. CONCLUSION
In this article we present a combined numerical and
theoretical study of atomic photoionization in the time
domain. Numerical results are obtained by solving the
full dimensional time-dependent Schro¨dinger equation.
And the numerical results are analyzed using the time-
dependent perturbation theory. A time-domain study of
the atomic photoionization process is motivated by rapid
recent progresses of ultrafast laser technology, which can
generate laser pulses as short as a few tens of attoseconds.
6Time-domain aspects of atomic photoionization had
been considered by Eisenbud, Wigner, and Smith. The
so-called Wigner time delay can be retrieved from ex-
trapolating the time-dependent average position (〈r〉(t),
i.e., the first moment) of the photoelectron wave packet.
This article goes beyond the average position by study-
ing the time evolution of the shape of the photoelectron
wave packet. We find that the shape of the photoelectron
wave packet experiences rapid and dramatic changes af-
ter being emitted. Right after emission, the wave packet
has a rather complex and multi-peak structure, but it
evolves rapidly with time by reducing the number of
peaks. Eventually, the wave packet has a rather simple
single-peak structure to be detected by a detector.
This shape evolution process can be qualitatively ex-
plained by a simple model based on the time-dependent
perturbation theory. The key factor is the quadratic com-
ponent of the phase of the wave packet.
For long laser pulses, the spectra are usually narrow
enough such that the dipole transition matrix element
changes little within the spectra and can be treated as a
constant. For short few-cycle laser pulses with relatively
wide spectra, however, the dipole transition matrix ele-
ment may change appreciably within the spectra of the
laser. The consequence is a change in the photoelectron
asymptotic velocity, either faster or slower, depending on
the detailed form of the dipole transition matrix element.
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